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Abstract
For generalized Reed–Muller, GRM(q, d,n), codes, the determination of the second weight is still
generally unsolved, it is an open question of Cherdieu and Rolland [J.P. Cherdieu, R. Rolland, On
the number of points of some hypersurfaces in Fnq , Finite Fields Appl. 2 (1996) 214–224]. In order
to answer this question, we study some maximal hypersurfaces and we compute the second weight
of GRM(q, d,n) codes with the restriction that q  2d.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let q = pt (q a power of a prime p, p > 2), and Fq be the finite field with q elements.
For the d th order generalized Reed–Muller codes GRM(q, d,n) defined over Fnq , an im-
portant problem is the determination of the weight distribution. The minimum weight was
given by Kasami et al. [3], and also by Delsarte et al. [2]. For the case d = 2, the weight
polynomial is entirely computed by F.J. McEliece [5]. But when d > 2, even the determi-
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generally unsolved. This weight is computed, with some conditions, by J.P. Cherdieu and
R. Rolland [1]. In this article the authors give the second weight under the restriction that
q is large relatively to d , which can be written roughly in the form:
q  q1  4d2
(
d(d + 1)
2
)2d(d+1)/2
,
which is large enough.
In this paper, by using some methods of combinatorial and incidence geometry, and
some techniques used by J.-P. Serre [6] and K. Thas [7] in the projective space Pn(Fq),
we prove that the second highest number of points of hypersurfaces of degree at most d in
F
n
q is reached only by particular hypersurfaces which are unions of hyperplanes in the case
q  2d . In this case we obtained the second weight of the GRM(q, d,n) codes.
2. Definitions and notations
We denote by P(q,d,n) the space of polynomials in n variables with coefficients in Fq
and of total degree at most d . In this paper we suppose that n 2, d  2, and q  2d .
We recall that the generalized Reed–Muller codes GRM(q, d,n) is the image of the map
Φ :P(q,d,n) → Fq
n
q
f → (f (v))
v∈Fnq .
• A codeword c ∈ GRM(q, d,n) is defined by the vector
c = (f (v1), . . . , f (vqn)) with f ∈P(q,d,n).
• The weight of c is the number of its non-zero coordinates.
• Zq(f ) the set of zeros of f , #Zq(f ) is the number of points of the hypersurface S
defined by f , denoted also #S.
• N1 = maxf∈P∗
(q,d,n)
#Zq(f ); P∗(q,d,n) is the set of non-zero polynomials in P(q,d,n).
• The minimum weight is W1 = qn − N1.
• P1: the set of polynomials f ∈ P(q,d,n) such that Zq(f ) = N1.
• N2 = maxf∈P∗
(q,d,n)
\P1 #Zq(f ).
• The second weight is W2 = qn − N2.
• P2: the set of polynomials f ∈ P(q,d,n) such that Zq(f ) = N2.
• H(q,d,n): the set of hypersurfaces defined by the polynomials of P(q,d,n).
• H1: the set of hypersurfaces S ∈H(q,d,n) such that #S = N1.
• H2: the set of hypersurfaces S ∈H(q,d,n) such that #S = N2.
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be defined by q − 1 different defining polynomials.
3. Special hypersurfaces
In this section we consider a special type of hypersurfaces, which are arrangements of
some hyperplanes. The following theorems collects results of Kasami et al. [3], Delsarte
et al. [2], and Cherdieu and Rolland [1].
Theorem 3.1. The minimum weight of the GRM(q, d,n) codes, where q > d , which we
call also minimal distance, is
W1 = qn − dqn−1.
Proof. The result is easily deduced from Kasami et al. [3, Theorem 5], and Delsarte et al.
[2, Theorem 2.6.2]. 
Moreover, Delsarte et al. [2] characterise all the polynomials defining codewords of
minimal weight. These polynomials are products of linear factors and the associated hy-
persurfaces are unions of d parallel hyperplanes.
In the next theorem we consider hypersurfaces of degree d which are the union of d , not
all parallel, hyperplanes. The maximal number of points in this case is the second highest
number of zeros, if we restrict the polynomials to be products of linear factors. We will
denote it by Nl2.
Theorem 3.2.
(i) For hypersurfaces in GF(q)n which are the union of d , not all parallel hyperplanes,
the maximal number of points is given by the two configurations:
(a) all the hyperplanes but one are parallel;
(b) all the hyperplanes meet in a common subspace of codimension 2.
(ii) Nl2 = dqn−1 − (d − 1)qn−2 for n 2 and 2 d < q .
Proof. Cherdieu and Rolland [1, Theorems 2.1, 2.2, p. 216]. 
4. Maximal hypersurfaces
We will search if were exist hypersurfaces from H(q,d,n) \H1 which have at least Nl2
points.
The result obtained then q  2d , prove that the number Nl2 is not exceeded. Further-
more, the hypersurfaces reaching this number of points, called here maximal hypersur-
faces, are unions of hyperplanes.
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(i) Let S be an hypersurface of degree d which is not the union of d parallel hyperplanes
(i.e. S ∈H(q,d,n) \H1), defined by a polynomial f ∈P(q,d,n) \P1, with q  2d . Then
#S Nl2,
and so
N2 = Nl2.
(ii) The second weight of the GRM(q, d,n) codes (when q  2d) is
W2 = qn − dqn−1 + (d − 1)qn−2.
Lemma 4.1. If S is an hypersurface in H(q,d,n), such that its number of points is greater
or equal to Nl2 (i.e. #S Nl2), and S contains an affine subspace Am of dimension m with
0  m  n − 2, then S contains an affine subspace Am+1 of dimension m + 1 such that
Am+1 ⊃ Am.
Proof. Let Am an affine subspace of dimension m contained in S. For an affine subspace
Am+1 of dimension m + 1 of Fnq , containing Am, two cases can appears.
(i) Am+1 is contained in S. In this case #(Am+1 ∩ S) = qm+1 as the restriction to S of the
associated polynomial is identically zero (f |S = 0);
(ii) Am+1 \ Am meets S \ Am in at most (d − 1)qm points, since f |Am+1 have at most dqm
zeros (see Lidl, Niederreiter [4, Theorem 6.13, p. 275]), and Am is made of zeros of f .
Recall that the number of Am+1 in Fnq containing a fixed Am is
qn − qm
qm+1 − qm .
We denote by b the number of Am+1, containing Am, and contained in S. Then the number
of points of S is such that
#S  (d − 1)qm
(
qn − qm
qm+1 − qm − b
)
+ (qm+1 − qm)b + qm.
With the hypothesis that #S Nl2, we have
(d − 1)q
n − qm − b(d − 1)qm + (qm+1 − qm)b + qm  dqn−1 − (d − 1)qn−2,
q − 1
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b γm
(q − d)(q − 1) ,
where
γm = qn−m − (2d − 1)qn−1−m + (d − 1)qn−2−m + (d − q).
We write γm in the form
γm = qn−m−1
(
q − (2d − 1))+ (d − 1)qn−2−m + (d − q).
We remark that the map m → γm is decreasing in m, therefore γm  γn−2 for 0  m 
n − 2 and q  2d.
We have
γn−2 = q2 − 2dq + 2d − 1 = (q − 1)
(
q − (2d − 1)),
so,
b q − (2d − 1)
(q − d) > 0, since q > 2d − 1,
but b is an integer, hence b 1.
Therefore S contains an affine subspace Am+1 such that Am+1 ⊃ Am. 
Proof of Theorem 4.1. Let S be an hypersurface as in the theorem and let P be a point
in S. With this lemma we have proved by induction on m that the point P (viewed as an
affine subspace of dimension 0) is contained in an hyperplane of Fnq which is contained
in S. This is the case for all points of S (because, P can be chosen arbitrarily in S). Conse-
quently S is the union of hyperplanes. So we are in the case of special hypersurfaces which
are arrangements of d hyperplanes.
We conclude that the maximal number of points of hypersurfaces belonging to
H(q,d,n) \H1 is achieved by the two cases (a) and (b) of Theorem 3.2.
So we obtain, finally,
N2 = Nl2 and W2 = qn − N2 = qn − dqn−1 + (d − 1)qn−2. 
Corollary 4.1.
(i) The number of hypersurfaces from H(q,d,n) reaching the bound N2, for q  2d  1 is
#H2 =
⎧⎨
⎩
(
q
d−1
)
d+1
d
q2(qn−1)(qn−1−1)
(q−1)2 if d > 2,
q3(qn−1)(qn−1−1)
2(q−1)2 if d = 2.
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also the number of polynomials of P(q,d,n) reaching the second highest number of
zeros N2 is
#P2 = (q − 1)#H2.
Proof. These numbers are obtained with some combinatorial geometry in [1, Corol-
lary 2.1, p. 217] for the case of polynomials which are products of linear factors, and
Theorem 4.1 asserts that the number N2 is not exceeded with polynomials in P(q,d,n) \P1
and is reached only by polynomials which are products of linear factors. This prove the
result for q  2d  1. 
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